I. INTRODUCTION
Dielectric elastomer actuators (DEAs) represent a promising alternative to conventional actuator technologies for powering soft bio-inspired robots, assistive wearable technologies, and other systems that depend on mechanical "impedance matching" with soft biological tissue. In contrast to electrical motors and hydraulics, DEAs can be made entirely out of soft elastic materials and fluids and remain functional under extreme bending and stretching. Moreover, they operate with very little electrical power and can exhibit as much as 90% efficiency of electrical energy input to mechanical work output. While there have been significant improvements since early studies in the late 1990s, progress in DEA performance and robotics implementation continues to depend on advancements in materials selection, design, and predictive theoretical modeling of the underlying elasticity and electromechanical coupling.
Here, we introduce a DEA composed of liquid-phase Gallium-Indium (GaIn) alloy electrodes embedded between layers of poly(dimethylsiloxane) (PDMS). 1 In contrast to existing DEA designs, which contain inextensible (but flexible) frames, 2 springs, 3 or solid electrodes, 4 the mechanics of the GaIn-embedded composite is governed entirely by the elasticity of the surrounding PDMS elastomer. Moreover, we observe that the composite forms a saddle-shape and exhibits a relationship between longitudinal bending curvature and voltage that cannot be predicted with a classical bending beam model (see, e.g., Sect. 4.2.2 of Ref. 5 ). Instead, we use a kinematically parameterized shell theory and use the Rayleigh-Ritz technique for minimum potential energy to estimate the shape of the DEA at static equilibrium. We find that the theoretical predictions are in strong agreement with experimental measurements (without the aid of data fitting) so long as we allow for negative Gaussian curvature (K < 0). In addition to furnishing an accurate prediction for the GaIn-PDMS composite, we are confident that this modeling approach can be extended to other DEA materials and designs. DEAs are composed of a soft insulating elastomer film coated with conductive fluid or rubber electrodes. Applying a potential difference U to the electrodes induces an electrostatic pressure (Maxwell stress) on the embedded dielectric layer. As with a capacitor, nearly no current is drawn by the DEA, and thus very little power is expended. The dielectric is frequently created with a soft elastomer, such as acrylicbased VHB tape (3M TM ) or PDMS. DEA designs include diaphragms, 6 bimorphs, 7, 8 rolls, 7, 9 and reinforced planar stacks 10, 11 and exhibit a variety of motions, load capacities, and electromechanical coupling. A central challenge in DEA development is the selection of "stretchable" electrodes that do not constrain the elastic deformation of the embedded dielectric layer. 12 Typically, the surfaces of the dielectric are coated with metallic particles, 13 graphite powder, 7 carbon fibers, 7 carbon black, 11 or carbon grease. 9, 14 Alternatively, DEAs may comprise conductive electrode materials such as electrolytic elastomers (hydrogels) 15 or electrodes made conductive by direct filling with conductive particles 8 or through low-energy ion implantation. 6 Fabrication methods include spraying, stamping, printing, laser-cutting, and spin-coating, or creating thin-film metal trace electrodes of copper, silver or gold using electroplating, sputtering, evaporation and patterning with photolithography. 12 While carbon based electrodes are relatively cheap and easy to fabricate, they have inherently high electrical resistivity and are often grainy and inconsistent at thinner layer thicknesses. In contrast, thin film metallic electrodes are highly conductive and easily patterned, but add to the stiffness of the DEA and require clever fabrication to undergo stretching (e.g., pre-buckling and wavy electronics 16 ). Liquid-phase GaIn alloys represent a promising alternative to existing carbon based and solid electrode materials. 17, 18 Like carbon grease, it does not interfere with the mechanics of the surrounding elastomer and remains conductive during stretching. However, it exhibits 3-6 orders of magnitude less electrical resistance, with a conductivity only 1/20th that of conventional copper wiring. Liquid GaIn has already been used for soft and stretchable wiring, 19 sensors, 20 and electronics. 21 Microfluidic channels of liquid alloy are typically produced with replica molding and needle injection using techniques adapted from "soft" lithography and microfluidics. 22 However, DEAs require a thin film coating of liquid alloy that cannot be produced using needle injection. Instead, they must be produced with techniques like laser machining, 23 masked deposition, 24 or stencil lithography. 25, 26 The dielectric in a DEA is typically modeled as an incompressible elastic solid subject to a Maxwell stress r M ¼ r 0 E 2 , where 0 is the permittivity of free space, r is a dielectric constant, and E is the electric field strength. 7, [27] [28] [29] Recently, researchers have examined dynamics, 30 resonance, 31, 32 and failure of thin film dielectrics 33, 34 and the effect of viscoelasticity on electric instabilities and fracture. 35 In most cases, the elastomer in a DEA undergoes elastic strains and bending curvatures that are beyond the scope of linearized theories for elastic plates and shells. Instead, we must use a non-classical shell theory that treats the elastomer as an incompressible hyperelastic solid. For moderate stretch, we can model the PDMS layers with a NeoHookean constitutive law that only requires a single coefficient of elasticity. 36 For larger strains, we must use a Mooney-Rivlin, 37,38 Ogden, 39 or any other model that allows for nonlinear elasticity with two or more coefficients.
II. EXPERIMENTAL METHODS
The GaIn-PDMS composite is produced using the steps presented in Fig. 1.   1 The PDMS dielectric layer (SYLGARD V R 184; Dow Corning) is first applied on a flat substrate using a 5 lm resolution thin film applicator (ZUA 2000 Universal Applicator, Zehntner GmbH). After curing on a hot plate, eutectic GaIn (EGaIn, !99.99%; SigmaAldrich) electrodes are manually deposited using an elastomeric blotter and laser-patterned (VLS3.50, Universal Laser Systems) stencil. 26 After deposition, the mask is carefully removed and an encapsulating layer of PDMS is applied over the exposed liquid electrodes. Before this sealing step, a thin strip of adhesive-backed conductive paper (3M TM Fabric Tape CN-3490) is placed in contact with each patterned liquid metal electrode for eventual interfacing with external electronics. Following another cure on the hot plate, the composite PDMS-EGaIn-PDMS film is carefully peeled and flipped in order to expose the other side of the dielectric layer, and a second set of electrodes is applied in the same way. The pre-strain required for inducing curvature is achieved by manually stretching the DEA by 6% and allowing it to naturally adhere to a substrate. Lastly, a thicker layer of PDMS elastomer is applied over the stretched DEA. The sealing layer, dielectric layer (separating the embedded electrodes), and substrate layer have thicknesses of 
III. THEORY
In its natural (i.e., isolated, stress-free) state, each PDMS layer of the DEA is a right rectangular prism with length L i , width W i , and thickness H i as shown in Fig. 3 . As illustrated in Fig. 1 , the index i 2 f1; 2; 3g identifies the layer (layer 1-sealing layer; layer 2-dielectric layer coated with electrodes on the top and bottom surfaces; layer 3-thick elastomer substrate). In order to induce residual bending curvature in the DEA, layers 1 and 2 have dimensions
To assemble the DEA, layers 1 and 2 are bonded together and then stretched so that they share the same length and width as layer 3. When the third layer is bonded, the composite deforms in order to relieve the residual strains in the pre-stretched layers. In general, this deformation involves changes in the width, length, and bending curvature(s) of the composite. Moreover, the shape of the DEA at static equilibrium changes when electrical voltage U is applied to the electrodes. Fig. 2 shows the direction of beam deflection with applied voltage U, which results in a changing # (defined as half of the arc angle h shown in Fig. 3 ). We observe that in addition to bending about its intermediate (width-wise) axis, the GaIn-PDMS composite also bends in the opposite direction about its major (lengthwise) axis to form a saddle-like shape. Pure bending (zero Gaussian curvature, i.e., K ¼ 0 and saddle-like deformation (K < 0) are examined separately in Subsections III A and III B. In both cases, the bending curvature about the intermediate axis decreases as the applied voltage U increases.
A. Pure bending
One method for modeling the device is to simplify the kinematics by ignoring saddle formations and assuming a plane strain condition. Under this description, each layer is of equal width W regardless of deformation. The result is pure bending where the DEA curls into a circular arc with an inner radius of q and an arc angle of h (see Fig. 3 ).
Alternatively, the inner radius can be described in terms of curvature j and length '. Furthermore, the liquid metal electrodes are assumed to be infinitely thin, and a NeoHookean constitutive model is employed for the PDMS elastomer. (NeoHookean is deemed appropriate because strains are less than 10%.) The strain energy density shown below can be determined with the three principal stretches (k i ) and a material coefficient of elasticity C 1 ¼ Y=6, where Y is the Young's modulus for uniaxial loading
We define k h ; k n , and k z as principal stretches. The symbol k h refers to the stretch along the arc length (e h ), k n to the width (e n ), and k z to the thickness (e z ). Incompressibility dictates that the product of these three stretch values must be equal to 1, and so the plane strain condition implies k n ¼ 1 and k z ðzÞ ¼ 1=k h . The stretch k h ðzÞ can be quantified as 'ð1 þ jzÞ=L i , where z the position of material radially from the inner surface. The elastic strain energy X can then be determined by plugging the stretch values into the NeoHookean energy density equation (1) and integrating over the unstrained, material volume: Equivalently, the stretch k h ðzÞ can be quantified as hðq þ zÞ=L i . As before, k n ¼ 1 and k z ðzÞ ¼ 1=k h . Because the elastomer is incompressible, the elastic strain energy can be calculated by integrating over the dimensions in the final configuration, where h i refers to the deformed thickness of each layer which can be determined based on the stretch definitions and the actuator geometry
; ; (6)
For the electrostatic energy, the electric field as a function of q can be determined using Maxwell's equations. To begin, we assume no charge builds within the elastomer, so the divergence of the electric field (gradient of the potential u) is known to be zero between and outside the electrodes. The result is the following differential equation with respect to z: u ;zz þ ð1=ðq þ zÞÞu ;z ¼ 0. Furthermore, we can describe the potential at the electrodes as U=2 and ÀU=2, where U is the applied voltage drop. The change in potential with respect to z is assumed to be negligible outside of the electrodes. This boundary value problem yields the following solution for the electric field:
The electrostatic contribution U / to the total potential energy is
which corresponds to an "electrical enthalpy." Here, 0 ¼ 8:85 Â 10 À12 F/m is the vacuum permittivity and r again is the relative electrical permittivity (i.e., dielectric constant). Also, the dimension b (0.75 lm) represents the width of the PDMS border in the plane of the liquid GaIn electrodes. Electrostatic energy can also be approximated by assuming that the electrodes form a parallel plate capacitor. The width of this capacitor is W e , the electrode separation h 2 , and the length is approximated as ' D ¼ L 2 k h where k h is evaluated at z ¼ h 1 þ h 2 =2. The capacitance C is then determined and used to calculate
Lastly, at static equilibrium, the combined energy P ¼ X þ U / must be minimized with respect to the free kinematic parameters q and h. Note that fq; hg and f'; jg are geometrically related and can be interchanged. This can be performed numerically with a multivariable optimization or by finding the solution to the two linearly independent equations @P=@q ¼ 0 and @P=@ h ¼ 0. For the work presented here, the combination of current volume strain energy and Maxwell's solution and the combination of material volume strain energy and capacitor approximation result in nearly equivalent results.
B. Saddle-like deformation
In practice, we observe that the DEA deforms into a saddle-like shape with negative Gaussian curvature K ¼ Àj h j / , where j h and j / are the principal curvatures along the length (e h ) and width (e / ), respectively. In order to examine the dependency of fj h ; j / g on U, we consider three representations (placements) of the elastic layers. In the natural placement, each layer is isolated and has dimensions fL i ; W i ; H i g. In the reference placement the pre-stretched layers (1 and 2) are bonded to the thick substrate (layer 3) and the composite relaxes into a rectangular prism of length ' and width w. Here, each point has Euclidean coordinates {X, Y, Z} where the tangent bases fe X ; e Y ; e Z g are oriented along the composite length, width, and thickness, respectively. Lastly, in the current placement, the composite deforms such that the top of layer 1 (sealing layer) forms a saddle surface S 1 with dimensions f'; wg and principal curvatures fj h ; j / g as defined below. Here, each point has "inverted" spherical coordinates fh; /; zg and the coordinate lines have tangent (covariant) vectors fe h ; e / ; e z g. The coordinates fh; /; zg along with the arcangles f h; /g and radii of curvature q h ¼ j arcangles h ¼ j h ' and / ¼ j / w and radii of curvature q h þ z and q / À z. The coordinate lines along the e h and e / directions have total lengths of ' h ¼ fðq h þ zÞ þ ð1 À cos /Þðq / À zÞg h and w / ¼ ðq / À zÞ /, respectively. Referring to Fig. 4 , a point in S has a position x ¼ xðh; /; zÞ ¼ ðq h þ q / Þe qh ðhÞ þ ðq / À zÞe q/ ðh; /Þ ; (14) where e qh ¼ sin he X þ cos he Z and e q/ ¼ sin /e Y À cos /e qh .
For each z, the saddle surface S has an area of
Each layer of the composite is assumed to be incompressible and so the final thicknesses h i can be estimated by dividing the initial volume by the final area of its top surface:
where a 1 ¼ að0Þ; a 2 ¼ aðh 1 Þ, and a 3 ¼ aðh 1 þ h 2 Þ. The final layer thicknesses h i are only approximations because they are calculated using the area of the top surface rather than mid-plane of each layer. Moreover, the exact layer thickness will be non-uniform since the principal stretch k h in the e h direction increases with j/j. Nonetheless, the above approximations are used since it allows the thickness to be estimated explicitly by calculating a 1 , h 1 , a 2 ,…, h 3 in sequence.
Each layer is treated as a hyperelastic solid with principal stretches fk h ; k / ; k z g in the fe h ; e / ; e z g directions and a strain energy density w ¼ wðk h ; k / ; k z Þ. The stretches k h and k / are calculated by dividing the arclength of each convecting coordinate line by its original length in the natural placement: k h ð/; zÞ ¼ ' h =L i and k / ðzÞ ¼ w / =W i , where i ¼ 1, 2, and 3 for z 2 ½0; h 1 Þ; ½h 1 ; h 1 þ h 2 Þ, and ½h 1 þ h 2 ; h 1 þ h 2 þ h 3 , respectively. Incompressibility implies k z ¼ 1=k h k / and that the total elastic strain energy X ¼ P 3 i¼1 X i can be calculated by integrating w in the current placement where now X i are evaluated as follows:
For a pre-strain of <10% in layers 1 and 2, we expect only moderate stretches at static equilibrium. Therefore, we again treat the composite as a NeoHookean solid and let
where C 1 ¼ Y=6 is the coefficient of elasticity as before. When voltage U is applied, the DEA has a total potential energy P ¼ X þ U / , where U / is the electrical enthalpy. Since the electrodes are surrounded by a border that is
In the current placement (i.e., saddle-shape configuration), the capacitance between the two electrodes is estimated as C % v r 0 a 2 =h 2 and the electrical enthalpy is
Lastly, the unknown kinematic parameters fw; '; j h ; j / g are determined by minimizing the total potential energy P. This may be accomplished either by performing a multivariable optimization or finding the solution to the stationary condi-
While both approaches are valid, numerical minimization is more convenient since it eliminates the additional step of calculating the partial derivatives of P.
IV. RESULTS AND DISCUSSION
Results from the experiments and theory are presented in Fig. 5 . The grey dots correspond to experimental measurements collected from a single DEA sample and the dasheddotted curve are theoretical predictions from the simplified pure bending model. The pure bending theory overestimates the angle of deflection by approximately 9
. Furthermore, it exaggerates the change D# in arcangle # ¼ h=2 as a function of applied voltage U. This is most likely because the plane strain assumption underestimates the final thickness of the dielectric, causing an overestimate of the electrostatic component of the potential (particularly at higher strains and voltages). The lack of saddling may also play a role in the misrepresentation of D# since the effective area moment of inertia is underestimated.
The general saddling theory presented yields predictions, represented by the solid curve with circular markers, which are in much stronger agreement with the experimental measurements. These predictions correspond to a uniaxial pre-stretch of layers 1 and 2 during the DEA assembly. As FIG. 5 . Comparison of experimental measurements and theoretical predictions for the arcangle # ¼ h=2 as a function of applied voltage U: (gray dots) experimental data collected from repeated measurements on a single DEA sample; (dash-dot) the theoretical prediction based on the simplified pure bending model; (circles) prediction from the generalized theory with "uniaxial" pre-stretch; (dashed) prediction with "plane strain" pre-stretch. discussed above, the two layers are first bonded together and stretched so that they share the same width and length of layer 3. For pure uniaxial loading, the two layers stretch by an amountk
in the e Y and e Z directions. This requires an initial width
. We use the term "uniaxial" since the elastomer is under uniaxial stress during pre-stretch with the condition
The theoretical prediction appears to be in strong agreement with the experimental measurements (without the aid of data fitting). While the resulting observed change in bending curvature is less than has been demonstrated by other unimorph type DEAs, 13 our device both takes into account saddling due to pre-stretch and also displays no obvious degradation of the electrode material throughout testing (though a much more extensive study is necessary to verify this claim). However, the theory suggests that even greater bending can be achieved by imposing a "plane strain" loading condition during pre-stretch. To accomplish this, layers 1 and 2 should be constrained such thatk Y ¼ 1 during prestretch. Theoretical predictions based on this case where
are presented by the dashed curve in Fig. 5 . This prediction preserves the dependency of D# on U but increases the absolute angle of deflection by approximately 7
. The greater bending angle is attributed to a dramatic reduction in transverse curvature (see Fig. 6 ), which allows for almost pure bending deformation. Here, "plane strain" refers to the constraint that strain only in the e X À e Z plane. However, this could also be interpreted as a "plane stress" assumption where stress is restricted to the e X À e Y plane (i.e., r Z ¼ 0). , respectively. This relatively high degree of saddling can be explained by Poisson's effect as the actuator bends. Although the DEA layer is generally in tension while the initially unstrained layer is in compression, the uniaxial pre-stretch results in an approximately constant width with respect to z (j / % 0) if j h is forced to zero by some external moment. However, as the beam bends, material towards the inner surface experiences more compression and width expansion, causing the saddle formation (j / > 0). Unlike an external moment, which lengthens the DEA layer but shortens its width, electrostatic pressure during actuation leads to an increase in both width and length. As a result of the width expansion, actuation induces an increase in j / .
For plane strain pre-stretch, bending in the e h À e z plane (filled circles) is greater (j h $ 97-107 m À1 ), however the curvature in the e / À e z plane (filled triangles) is almost negligible (j / $ 0.5-5 m À1 ). Unlike the uniaxial case, one would expect a negative j / to form if j h were reduced to zero by an external moment; due to the plane strain, the DEA layer would attempt to contract to a smaller width than the initially unstrained layer. As the beam bends, the inner material experiences the same phenomenon described for the uniaxial case, favoring a more positive j / . At equilibrium under no voltage, the negative j / caused by the plane strain and the positive j / caused by the beam bending nearly cancel out. As with the uniaxial case, actuation with an applied voltage tends to increase the DEA width, further increasing j / in the positive direction. The minimal saddling in the plane strain pre-stretch case explains why its 0 voltage predictions are similar to those of the pure bending model. The saddling has the greatest effect on the effective area moment of inertia in comparison to overall width or thickness.
The theoretical predictions presented in Figs. 5 and 6 are obtained for geometries and materials constants based on the experimental DEA sample: 20, [40] [41] [42] [43] A dielectric constant r ¼ 2.72 is reported in the product data sheet of the materials supplier (Dow Corning, Inc.). The double integrals for computing X i are performed in MATLAB R2011b and R2013a using an adaptive Simpson quadrature (dblquad) and P is minimized for fw; '; j h ; j / g using a direct simplex search method (fminsearch).
V. CONCLUDING REMARKS
We have introduced an entirely soft DEA that contains no rigid or inextensible materials. It is composed of PDMS embedded with a liquid-phase GaIn alloy. After assembly, the GaIn-PDMS spontaneously deforms into a saddle-shape that changes curvature when voltage is applied to the liquid electrodes. This shape is accurately predicted with an elastic shell theory based on the principle of minimum potential energy and hyperelastic constitutive model. Since the materials undergo only moderate strains (<10%), good agreement between theory and experiment can be achieved with a NeoHookean constitutive law, which only requires a single coefficient of elasticity. In general, DEAs with large prestretch and bending curvature should be modeled with a more accurate nonlinear constitutive law. However, even in these cases, the proposed 4-parameter kinematic representation for a saddle-shaped shell with negative Gaussian curvature is sufficient for predicting the shape at static equilibrium for prescribed pre-stretches and voltage. While we focused on two types of pre-stretch (so-called uniaxial and plane strain loading), the theory is sufficiently general for any biaxial loading condition on the dielectric layer prior to bonding and release.
